Abstract. A block, considered as a set of elements together with its adjacency matrix M, is called a B-block if M is the adjacency matrix of a complete bipartite graph Kk,, k, . A balanced bipartite design with parameters b, u, r, k, h, kl, k2 (briefly BBD(u, k, A; kl)) is an arrangement of u elements into b B-blocks such that every B-block contains k = kl + ki elements, every element occurs in exactly r B-blocks and any two distinct elements are linked in exactly h B-blocks.
Introduction
In this paper, as in [3] , a block B denotes a set of k = k, + k, elements, which are divided into two subsets B1 and B2 ; B1 with k, elements and B2 with k, elements. Two elements of B are said to be linked in B if and only if they each belong to different subsets. Assuming, without loss of generality, 1 5 k, 2 k,, we denote B1 = (a;, ai, . . . . ail), B2 = (a;, a$ . . . . a:$ and B = {B1 ; B2}. We have the following definition (cf. [3, Definition 2.11). andk< u, each element occurs in exactly r blocks and any two distinct elements are linked in exactly X blocks.
It was shown in [3] that the parameters are not independent; in fact, a BBD can be described by just four parameters u, k, X and k, . Therefore such a design is denoted by BBD (v, k, A; k, ).
The necessary conditions for the existence of a BBD(v, k, X: k, 1 are:
(1.1) b = Xv(v -1)/2k, k, , With some parameters fixed, it will be proved by exhibiting a BBD with the given parameters that in some cases the necessary conditions are also sufficient. In most cases, the designs constructed are cyclic, where (cf. 13, Definition 3.11) a BBD(v, k, A; k,) is cyclic if it has an automorphism consisting of a single cycle of length v.
If C is a cyclic automorphism of a design and B is a block, then the set of blocks G = {C'(B), i = 1, 2, . . . } is an orbit of blocks in the BBD. An orbit can be represented by any one of its blocks, which will be called a base block. A base block B is of order n if n is the smallest positive integer such that P(B) = B. It is easy to see that n satisfies the following conditions: Note that p is an integer except in the case where v is even and Z = $ v, when it is a multiple of n/v.
A cyclic BBD(v, k, h; k,) exists if, for all ni satisfying (1.5), we can construct M(ni) base blocks, each of order ni such that Zi niM(ni) = b. Furthermore, every element of the set of edge-lengths A = { 1, 2, . . . . [$ v] } should occur precisely X times in the zi M(ni) base blocks except when v is even, in which case the element 4 v should occur only $ h times. This is essentially Bose's method of symmetrically repeated differences [ 23.
In this paper, the u elements of a BBD, unless otherwise stated, are (0, 1, ".) U--l}.
2. Balanced bipartite designs with k, = 1, k2 > 1 Only cases where k2 2 2 are considered since a BBD with k, = k, = 1 always exists. The necessary conditions ( 1.1) -( 1.4) now become:
If y1 is an integer, then so are b, Y and y2. [3, Lemma 2.21 implies that it is sufficient to search for a minimum value of h such that y1 is integral for some v. Now h being minimal implies that (h, 2k,) # 1. Consider the value y, where 1 <_ y 5 k, and y 1 k,; let k, = xy and h a multiple of y, say h = zy, then y1 = z(v -1)/2x. We have eitherz = 1 or z = 2, since ifz>3and(z,x)=s,thens= 1 implies that X is not minimal and s > 1 is equivalent to the case where A is a multiple of sy. Let z = 1, then X = y and I-~ being integral implies that v = 1 (mod 2x); similarly, X = 2y and v -1 (modx) for z = 2.
In general, if
then h E (vi, 2yi, i = 1, 2, . . . . 4) and v f 1 (mod 2xi) for X = yi, u -1 (mod xi) for h = 2yi. We have thus proved the necessary part of the following theorem. 
where for i = 1,
The elements of B1 are distinct since k 5 u implies that y < t. Let C1 be a permutation of degree u with two l-cycles (0) and 
1).
The procedure of the proof is similar to that of Theorem 2.1; we will find a minimum value for X such that b, r, r1 and r2 would be integral for some v. Consider the value y, where 1 5 y <_ k2 and y I k2 ; let k2 = xy and h = zy, then z has values 1, 2 or 4. Let z = 1, then rl being an integer implies that v -= 1 (mod 2x) and b being an integer implies that v(v-1) = 0 (mod 4x), hence v E 1 (mod 4x). Let z = 2, then we have v s 1 (modx) and v(v-1) = 0 (mod 2x), hence v 2 1 (modx) for x odd,-.!y and v even and v 2 1 (mod 2x) otherwise. Forz=4,assumingthatx~(v-l)but~xI(v-l),thenbothk=xy+2 and u must be even, which in turn implies that x = 2 (mod 4). Therefore u z 1 (mod 4~) for x = 2 (mod 4) and v = 1 (mod x) otherwise. For u = 4xt+ 1, h=y, the set of edge-lengths is A = S, U S2 u . . . U Szt.
Applying the sum of C, and C, on B, t -1 times, we obtain all the required base blocks. For u = 2x t+ 1, h = 2y, then A = S, U S2 U . . . U St and applying the permutation C, on B, repeatedly, we get all the t base blocks. Now consider the last case: v = x t + 1, X = 4y, where x = 0 (mod 4) and t is odd (otherwise u = 2xp + 1 for t = 2p, a cyclic design exists for such u and X = 2y as proved above). Let x = 2m and Si = {(i --1) m +q, q = 1, 2, ..') m} for i = 1, 2, . . . 
Balanced bipartite designs with k = 6
In this section, we will prove that the necessary conditions for the existence of a BBD with k = 6 are also sufficient except in the following two cases: u = 6, k, = k, = 3, h = 3 (mod 6) and u = 10, k, = k, = 3, X = 1. On the other hand, we show that there exists a BBD(6,6, X; 3) for h -0 (mod 6) and a BBD( 10, 6, h; 3) for every h 2 2. The following theorem is just a corollary of Theorem 2.1.
Theorem 4.1. A necessary and sufficient condition for the existence of a BBD(v, 6, h; 1) is:
u -1 (mod 10) for h -1 or 3 or 7 or 9 (mod lo), u-1 (mod5) for X = 2 or 4 or 6 or 8 (mod lo), v= 1 (mod2) for X = 5 (mod 10)
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for X s 0 (mod 10). for h = 0 (mod 8).
Proof. The necessity, along with the existence of designs with v odd and v 2 2k-3, was proved in Section 3. As for the case where u is odd and k <_ v < 2k-3, i.e. v = 7, the following three base blocks show that a cyclic BBD(7,6,8; 2) exists: 1, t, t+ 1, t+2) 
It is easy to check that each element of A except 1, t -1 and t occur 8 times in the t-1 base blocks, whereas elements 1 and t -1 each OCCUI only 6 times, and t occurs 4 times. Hence a cyclic design with v even exists. Proof. Let u = 3 t + 1, then u 2 k implies that t 2 2. Assuming that u is odd, let t = 2m, we get u = 6m + 1 and b = mu. Consider the following m base blocks: 1,2); (3i, 3i+3, u-3i+ 2) ) , B i+l = { (0,1,2);(3i,3i+3,u-3i-I 1,3) ; (2, 4, 5) }. Hence we have a cyclic BBD(6,6,6; 3). Lemma 4.8. A cyclic BBD (u, 6,3; 3) exists for u -0 (mod 3), u 2 9.
Proof. Let u = 3t, assuming first that u is odd, then t is odd and for X-6 or 12 (mod 18), v>6 jbr X = 9 (mod 18), 1126 for h -0 (mod 18).
